A new differential transformation method is developed in this paper and is applied for free vibration problem of pipes conveying fluid. The natural frequencies, critical flow velocities, and vibration mode functions of such pipes with several typical boundary conditions are obtained and compared with the results predicted by Galerkin method and finite element method (FEM) and with other results archived. The results show that the present method is of high precision and can serve as an analytical method for the vibration of pipes conveying fluid.
Introduction
The dynamics of pipes conveying fluid receives considerable attention always because it contains abundant mechanical phenomena. The equations of motion of the fluid-pipe system are high-order partial differential equations, so the analysis is difficult. Many analytical methods have been proposed to study this dynamic model since Ashley and Haviland [1] began to study the dynamics of straight tubes conveying fluid. These methods include the finite element method (FEM), analytical method, multiple scales method, Galerkin method, transfer matrix method, differential quadrature method, and generalized differential quadrature rule.
Gregory and Paidoussis [2] studied unstable oscillation of tubular cantilevers conveying fluid by an analytical method and Bubnov-Galerkin method. Both parameter and combination resonances for a continuously flexible pipe were studied by Paidoussis and Sundararajan [3] , where Bolotin's method and a numerical Floquet analysis were presented. Hannoyer and Paidoussis [4] studied the dynamics and stability of cylindrical tubular beams conveying fluid and simultaneously subjected to axial external flow, where the solutions were obtained by means of a method similar to Galerkin method, with eigenfunctions approximated by Fourier series. Misra et al. [5, 6] have studied the dynamics and stability of the cantilevered pipes conveying fluid by finite element method; the conclusions were the same as those of Gregory and Paidoussis [2] . Olson and Jamison [7] introduced a general-purpose finite element program to simulate the dynamics of elastic pipes conveying fluid with different boundary conditions. Kuiper and Metrikine [8] employed a D-decomposition method for stability analysis of a riser conveying oil from seabed to a floating platform. Wang and Ni [9] established the nonlinear vibrations of a cantilevered pipe conveying fluid with motion-limiting nonlinear constraints by extending the differential quadrature method (DQM). Utilizing the differential quadrature method again, Qian et al. [10] analyzed the instability of the pinned-pinned pipe conveying fluid under thermal loads. Tornabene et al. [11] extracted the critical flow velocity of straight pipes conveying fluids for various fluid densities by the generalized differential quadrature (GDQ) method. Ni et al. [12] analyzed the free vibration problem of pipes conveying fluid with several typical boundary conditions by a relatively new semianalytical method called differential transformation method (DTM). Sinir and Demir [13] used 2 Shock and Vibration the method of multiple scales to investigate the vibrations of highly tensioned pipe subject to external force. Quite recently, Li et al. [14] have developed the steady-state Green's functions for forced vibrations of Timoshenko beam with damping effects. Subsequently, Li and Yang [15] employed the same method to study the forced vibration of pipes conveying fluid. Three examples of the pipe conveying fluid were analyzed, the results of which show the validity of the Green function method.
In present paper, a new differential transformation method is developed to analyze the free vibration of pipes conveying fluid. Starting from the basic equations, the variable separation technique and Laplace transforms are employed to derive vibration modes of the pipe conveying fluid, where all the constants involved are determined by the boundary conditions. The vibration mode is a closed and explicit form. Furthermore, a linear system with four equations is obtained by the application of boundary conditions. For the free vibration problem of pipes conveying fluid, the determinant of coefficient matrix of the equations is zero. So the natural frequency equations are derived, which is an implicit form in terms of . The natural frequency equation is solved by a computer program. In general, the frequency of the fluid-pipe system will be complex and the dynamic system will be stable or unstable according to the real part or the imaginary part of the frequency being positive or negative.
The Equation of Small Motions
The equation of small motion of pipes conveying fluid is [16] 
where is flexural rigidity; is the fluid flow velocity; and are the mass-per-unit length of fluid and the pipe, respectively; is the structure damping effect; ( , ) is the transverse deflection of the pipe; is the coordinate along the center line of the pipe; and is the pipe length.
For the sake of illustration, the following dimensionless quantities are introduced:
Substitution of these terms into equation (1) 
The corresponding dimensionless boundary conditions are as follows:
(i) At a pinned end
(ii) At a clamped end
(iii) At a free end 
Vibration Mode Equations and Frequency Equations of the Pipe Conveying Fluid
Let us consider the motions of the pipe for which the dimensionless lateral deflection is given by
where is a dimensionless circular frequency defined by
Ω being the circular frequency of motion. In general, will be a complex number and the system will be stable or unstable depending on the imaginary component of , Im( ), being positive or negative; in the case of neutral stability, is wholly real and ( ) is the mode function. Substituting equation (7) into equation (3) yields
where
Shock and Vibration
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To derive the mode function of the pipe conveying fluid, the Laplace transform method with respect to the variable is applied in (9):
where the parameter in the transformed domain is a complex variable; (0), (0), (0), and (0) are constants which can be determined by the boundary conditions of the pipes.
To obtain the inverse transform of̂( ), let us assume that
Thus, the following results can be obtained by the method in [14, 17] :
where ( ) ( = 1, 2, 3, 4) are functions specified by
,
.
The inverse transform of (11), which is the mode function of the pipe conveying fluid, can be obtained as follows:
Inserting (13a)-(13d) into (15) yields
where Φ ( ) ( = 1, 2, 3, 4) are defined by
If the right of equation (3) is the Dirac delta function, the Green function of equation (3) will be derived by the same method as above. Green's function has high precision and computational efficiency in the forced vibration analysis of beam [14, 15] . To derive the frequency equation of the pipe and to determine the constants (0),
, and (0), it is necessary to calculate the various order derivatives of ( ). From (16), we can obtain
where the various order derivatives of ( ) ( = 1, 2, 3, 4) are as follows:
From (18a) to (18d), the intrinsic relations between the physical quantities at the boundary = 0 and = 1 can be obtained
(1)
From (4) to (7), we can determine ( ), ( ), ( ), and ( ) at = 0 and = 1 as follows:
(i) At a pinned end 
For simplicity, the boundary conditions as (21) are considered. Inserting (21) into (20) yields
In order that a nontrivial solution of these equations exists, the determinant of the coefficient matrix of (24) must be zero. Thus, we can obtain the frequency equation of a pinnedpinned pipe conveying fluid as follows:
From (24), we can obtain the ratio of (0) and (0) as follows:
Utilizing (16) and (26), one can obtain the mode function equation of a pinned-pinned pipe conveying fluid as follows:
Similarly, the mode function equations of a clamped-clamped pipe conveying fluid and a cantilevered pipe conveying fluid can be obtained as follows: 
Numerical Results and Discussion

The Stability of Pipe.
The natural frequencies of pipe conveying fluid can be obtained from (25a) to (25c). It is impossible to obtain solutions of (25a)-(25c) by direct methods because the roots of the problem cannot be expressed in simple explicit form in terms of . So a trial and error procedure is adopted to seek the roots of (25a)-(25c). In this case, keeping and fixed for each set of calculations, the calculation of the real and imaginary part of the complex circular frequency is required for a series of values of . For most of the calculation, a computer program is used along the following lines [18] :
(i) Starting with = 0.1 and trial values of Re( ) and Im( ) corresponding to = 0, a minimizing procedure finds the appropriate values of Re( ) and Im( ) which meet (25a)-(25c).
(ii) Taking an increment of 0.1 in and using the values of Re( ) and Im( ) found above as first approximations, the minimizing procedure finds the complex frequency for = 0.2 .
Thus the computer works continuously and the values of Re( ) and Im( ) are obtained for increasing values of , for any mode function of the system and any given and . Some results are shown in Figures 1-3 , in which the natural frequencies correspond to the three cases of support conditions specified in (21)- (23), respectively. Figure 1 shows the real and imaginary components of the dimensionless frequencies of the lowest three modes of a pinned-pinned pipe as functions of the dimensionless flow velocity. Based on the calculated results of Galerkin method and the present method, the first mode frequency vanishes altogether at = , indicating the onset of first mode divergence; beyond the critical = , the first mode frequency becomes wholly imaginary, indicating the system buckles in the first mode; if the flow velocity is increased further, the second mode frequency vanishes altogether at = 2 , indicating the onset of second mode divergence; beyond the critical of = 2 , the frequencies of the first and second modes coalesce and frequencies become complex conjugates, indicating the system loses stability by couplemode flutter. Based on the calculated results of FEM, the frequency as function of the flow velocity is the same to the calculated results of other two methods except = and = 2 ; the real component of the first frequency is 0.0246 at = ; the real component of the second frequency is 0.6326 at = 2 . So the FEM has a certain error at some flow velocities, such as = and = 2 , in comparison with Galerkin method and the present method. Figure 2 shows that the real and imaginary components of the dimensionless frequencies of the lowest three modes of a clamped-clamped pipe as functions of the dimensionless flow velocity. Based on the calculated results of the present method, the first mode frequency vanishes altogether at = 2 , indicating the onset of first mode divergence; beyond the critical = 2 , the first mode frequency becomes wholly imaginary, indicating the system buckles in the first mode; if the flow velocity is increased further, the system loses stability by couple-mode flutter in the first mode and second mode at = 2.9 . The calculated results of the three methods are different at = 2 ; the real components of the first frequency are 0.9994 and 0.2111, respectively, with Galerkin method truncating four modes and FEM. According to Paidoussis and Sundararajan [3] , the first mode frequency vanishes altogether. Therefore, Galerkin method and FEM have a certain error at some flow velocities, such as = 2 . As the flow velocity increases, the difference is more and more, between the calculated results of Galerkin method and the calculated results of other methods. The reason is that the number of the modes truncated is insufficient, according to the literature [19] . In this paper, the lower four modes are used in Galerkin method to solve the equation of small motion of pipes conveying fluid. The first and second modes of the clamped-clamped pipe conveying fluid represent the fifth and the higher modes of a clamped-clamped beam, when dimensionless flow velocity is relatively larger. So, the calculated results of Galerkin method are the difference from those of the other two methods. Figure 3 shows the real and imaginary components of the dimensionless frequencies of the lowest three modes of a clamped-free pipe as functions of the dimensionless flow velocity. Based on the calculated results, beyond = 1.8 , the imaginary part of the second frequency becomes negative, and the real part of the second frequency is still positive, indicating the system flutters in the second mode through a Hopf bifurcation. Galerkin method has a certain error in comparison with FEM and the present, since the number of the modes truncated is insufficient.
The Mode Function of Pipe.
From (27a) to (27c), one can find that the mode function of the pipe system is the function of u, , , and . These variables are not independent because they have an implicit relationship as (25a)-(25c). So, in generally, it is impossible to obtain the mode functions.
When flow velocity is zero, (3) 
(ii) A clamped-clamped tubular beam
(iii) A clamped-free tubular beam
where = 1, 2, 3, . . ., corresponding to the various mode functions of the system. These results agree with literatures [20, 21] .
The modal displacement patterns of pipe conveying fluid can be obtained with (27a)-(27c), and the modal displacement patterns of a clamped-clamped pipe and a clampedfree pipe can be seen in Figures 4 and 5 , respectively. When flow velocity is zero, the modal displacement patterns of pipe are classical normal modes, as seen in Figures 4(a) and 5(a). When is not zero, the equation of motion of pipe contains the Coriolis term, which renders classical normal modes impossible, as seen in Figures 4(b) and 5(b) . The motions associated with the symmetric modes of a clampedclamped pipe will produce the Coriolis force, which will induce the motion of antisymmetric modes. The Coriolis force, produced by the motions associated with the modes of a clamped-free pipe, is still in the direction against the motion along the whole pipe. This will tend to the oscillations. In general, the effect of the Coriolis force is more and more as the flow velocity increased.
Conclusions
The paper presented a new differential transformation method to study the free vibration of the pipe conveying fluid with various boundary conditions. The mode function equations and the frequency equations of the pipe conveying fluid were obtained by the present method. The frequency equation of pipe conveying fluid is implicit form in terms of . A trial and error computer program was written for the of the pipe conveying fluid, so the solving procedure is simple and rapid. The vibration mode equation has an explicit form in terms of , so the vibration mode function of the pipe conveying fluid will be calculated when the of pipe conveying fluid is known. By comparing with the calculated results of Galerkin method and FEM, this analytical method is valid for the problem of dynamics and stability of pipes conveying fluid.
